Abstract-Non-stationary channel models play a crucial role in today's communication systems. Mobile-to-mobile channels are known to exhibit non-stationary behavior caused by the movement of transmitter and receiver. Non-stationarity can be addressed by introducing time-variant stochastic functions such as the time-variant instantaneous Doppler probability density function or time-variant instantaneous characteristic function. An algebraic analysis of the time-variant Doppler probability density function (pdf) in a classical Cartesian coordinate system is only numerically tractable due to trigonometric functions in the resulting expressions. In contrast, it has been shown that by using prolate spheroidal coordinates for 2D vehicle-to-vehicle channels the algebraic analysis becomes analytically tractable. In this paper, the analysis is extended to air-to-air channels. It is shown that the time-variant Doppler pdf can be represented without trigonometric functions. The description of the Doppler frequency in prolate spheroidal coordinates allows describing it as an algebraic curve. This permits the use of algebraic methods to analyze the Doppler frequency and derive the boundaries of the resulting Doppler pdf. Using the developed tools, we have investigated exemplary air-to-air scenarios. However, the methodology can be extended to any air-to-air configuration.
unmanned aerial vehicles, see [3] . Thus, a fundamental understanding of the propagation environment is crucial in order to optimally adapt new communication systems to the channel conditions. The A2A channel, however, is more complicated than the fixed-to-mobile channel of previous communication generations, e.g., 2G-4G cellular, since both transmitter (TX) and receiver (RX) are moving.
In the early days of channel modeling, mainly stochastic models were used to characterize the propagation channel [4] . Those stochastic models are based on the wide-sense stationary uncorrelated scattering (WSSUS) assumption that was introduced in the seminal paper of Bello [5] . This assumption is fulfilled for narrowband fixed-to-mobile channels for some limited spatial extent or temporal duration. For wideband channels the wide-sense stationary (WSS) approximation can pertain to individual multipath components as well as to the entire channel impulse response, still of course for some limited spatial extent. For uniformly distributed scatterers in azimuth, Clarke derived in [4] the so called Jakes Doppler power spectrum [6] , whose inverse Fourier transform -the autocorrelation function of the channel's narrowband amplitude -is a Bessel function. This description has been used for a long time for the case of a fixed base station and mobile receiver. A WSSUS model for the M2M channel was introduced in [7] . Its extensions were derived in [8] [9] [10] [11] for various 2D and 3D scenarios as well as for multiple input multiple output (MIMO) scenarios in [12] [13] [14] [15] [16] . For the aeronautical channel the authors in [17] use the WSSUS assumption when proposing aeronautical Doppler spectra. According to Bello [18] , the so-called surface scatter channel for air-tosatellite communications possesses three main components: the line-of-sight (LOS) component, the specular reflection (SR) component from the Earth's surface, and diffuse scattering components. The Bello model applies to narrowband channels, so all diffuse components are essentially combined with the others.
For mobile-to-mobile channels, however, the WSSUS assumption is mostly violated due to the simultaneous movement of transmitter and receiver. This leads to a higher rate of time variation, which can cause non-stationarity, or a shorter stationarity time/distance. This has been observed for vehicleto-vehicle (V2V) channels according to [19] and [20] . But this observation can be extended to other M2M channel scenarios.
To address non-stationarity Matz extended Bello's model in [21] to non-WSSUS scenarios. The resulting model is represented by four-dimensional channel functions, which are unfortunately difficult to handle in practice. Following [22] , who suggested to model the Doppler spectrum as timevariant function, we proposed in [23] a simpler solution by considering time-variant delay Doppler pdfs for V2V channels. Our resulting model preserves the uncorrelated scattering (US) assumption only. In [24] the proposed model was extended to A2A scenarios. Our theoretical models were verified using measurement data for both V2V in [25] , [26] and A2A in [27] and [28] . Similar modeling was applied in [29] [30] [31] for airto-ground (A2G) channels.
The modeling approach in the cited works on time-variant, delay-dependent Doppler pdfs was done in Cartesian coordinates. Due to the presence of mobile TX and RX the corresponding geometrical description of the channel implies a two-center problem. Therefore, a fixed delay naturally defines an ellipse for a 2D scenario and an ellipsoid for a 3D scenario, since this particular geometric shape defines the locations, where the delay between TX and RX via a scatterer is constant. In the original model we inserted a parametrized ellipse into the Cartesian coordinates to obtain the results. Although tractable, the resulting models were nonetheless difficult to analyze analytically.
It is known that two-center problems are conveniently represented in prolate spheroidal coordinates. In our case the ellipse of a constant delay would thus define a single coordinate in the prolate spheroidal coordinate system (PSCS). Therefore, it was advantageous to transform the time-variant, delay-dependent Doppler pdf description into prolate spheroidal coordinates. This was done in [32] for V2V channels. We observed that the resulting models have a much simpler description of the delay-dependent Doppler frequency. This allowed us to obtain closed-form Doppler pdfs and their characteristic functions for line-of-sight and its vicinity, as well as for infinite delays in general V2V scenarios in [33] . The generalization of the results for arbitrary delays required the application of algebraic curve analysis due the ambiguities of the Doppler frequency. This only becomes apparent through the use of a PSCS and allows for an algebraic analysis of Doppler frequencies. For V2V channels this investigation was reported in [34] . The extension of these results for A2A channels is, however, still missing.
In this paper, we study the model of time-variant, delaydependent Doppler pdfs in the PSCS. Specifically, we derive the 3D time-variant, delay-dependent Doppler pdf and its Fourier dual -the characteristic function -for single-bounce scattering based on the 2D V2V model presented in [33] . We explicitly derive analytical expressions of delay-dependent characteristic functions and Doppler pdfs for the LOS component, the SR component, and the diffuse scattering components for arbitrary velocity vectors of the aircraft. Moreover, the frequencies that determine the support of the Doppler pdf, which we term the limiting frequencies, are derived and analyzed using the theory of algebraic curves. The limiting frequencies can be calculated by a sixth order polynomial for arbitrary delays for any velocity configuration. We discovered that in Aircraft positions in the prolate spheroidal coordinate system. An ellipsoid represents the surface of constant ξ, which intersects with the ground forming an ellipse. The slope m and the y-intercept d of the ground intersecting the coordinate plane is also displayed.
addition to extreme points that describe the support of the Doppler pdf, the algebraic curve analysis reveals the presence of singular points. Under specific conditions these singular points can become extreme points and have to be taken into account for calculating the limiting frequencies of the Doppler pdf.
The remainder of the paper is structured as follows. In Section II, we introduce the prolate spheroidal coordinate system and derive the Doppler pdf and characteristic function in prolate spheroidal coordinates. An algebraic analysis of the Doppler frequency leads to closed-form expressions of Doppler pdf, characteristic function, and limiting frequencies of the Doppler pdf in Section III. The results for typical A2A scenarios are shown in Section IV and the paper is concluded with Section V.
II. PROLATE SPHEROIDAL COORDINATE SYSTEM
The mathematical tractability of the Doppler pdf, characteristic function, and limiting frequencies of a general 3D M2M channel is based on the selection of an appropriate coordinate system. We use the A2A channel similar to [24] as an exemplary M2M channel. As shown in [32] , a suitable coordinate system for the M2M channel is the PSCS, since it enables a natural delay-dependent description of the Doppler pdf. In general, the PSCS is a three-dimensional, curvilinear, orthogonal coordinate system, which adequately describes two-center problems, exemplified well by the A2A channel with the transmitter and receiver forming the two centers, as shown in Fig. 1 . The origin of the coordinate system is always located in the middle between the two aircraft and moves along with them, which means the coordinate system itself becomes time-variant.
The relationship between Cartesian and prolate spheroidal coordinates is according to [35] given by
with l being the focus distance, i.e., the distance from the aircraft to the origin. The three coordinates are given by
and ϑ ∈ [0, 2π). With this coordinate transform, the z-axis is always aligned with the major axis of the ellipsoid and the aircraft are found on the z-axis. Since the coordinate system is time-variant, the focus distance l is time-variant as well. The coordinate ξ = τ τ los corresponds to the propagation delay normalized by the LOS delay. This choice allows for a very general description of the Doppler frequency later, where the absolute delay between transmitter and receiver does not matter anymore. The absolute delay, however, can be calculated by τ = τ los ξ = 2lξ c with c being the speed of light. Iso-surfaces of ξ are prolate spheroidal ellipsoids, whereas constant values of η produce hyperboloid surfaces. The third orthogonal surface in the PSCS is formed by a half-plane seen in Fig. 2 . Geometrically, a fixed ξ-coordinate represents locations where the sum of the delays to the foci, i.e., aircraft, is constant. A fixed η-coordinate represents locations where the difference of the delays to the aircraft is constant, yet in contrast to ξ we do not need to use this physical interpretation in the following. As we show later, this coordinate transform effectively leads to mathematically tractable expressions of the Doppler frequency.
Let us point out that the big advantage of the PSCS is that by fixing the ξ-coordinate, we naturally obtain a delaydependent description of the Doppler frequency. As such, the resulting description becomes only dependent on the other two coordinates η and ϑ in the PSCS. In contrast to that, fixing the delay in a Cartesian coordinate system still implies the dependency on all three spatial coordinates x, y, and z, which makes the resulting expressions much more difficult to interpret and analyze. Thus, the description in the new coordinate system allows us to express both delay and Doppler frequency in mathematically tractable expressions in comparison to Cartesian coordinates.
The distance from transmitter to an arbitrary scatterer d t and the distance from this scatterer to the transmitter d r can be defined as
where the total distance d sc or the total delay τ sc = dsc c depends only on the ξ-coordinate. As has been shown by the authors in [23] , the Doppler frequency is calculated as the spatial gradient of the transmitter and receiver distances d t and d r projected onto their velocity vectors, i.e.,
A delay-dependent representation of the Doppler frequency in Cartesian coordinates depends, however, on the x-, y-, and z-coordinates, so that the calculation of the Doppler pdf becomes very cumbersome. To circumvent this, we transform the mathematical analysis in the PSCS and express the gradient in (3) in prolate spheroidal coordinates.
Consider an arbitrary scalar function Ψ(ξ, η, ϑ) in the PSCS. Its gradient ∇Ψ can be computed as [36] 
where e ξ , e η , and e ϑ are the orthonormal basis vectors of the PSCS. They are obtained by transforming the Cartesian basis vectors e x , e y and e z using the following identity
where the subscript is in the set α ∈ {ξ, η, ϑ}. In (4) and (5) the scalars h ξ , h η , and h ϑ are the so called scale factors.
They account for the normalization of the basis vectors in the transformed coordinate system to ensure that the transformed basis is also orthonormal. For orthogonal coordinates the scale factors are the roots of the three non-zero elements h i = √ g ii of the metric tensor g, see [36] for more details. For the PSCS, the scale factors are calculated as
By transforming (3) into prolate spheroidal coordinates, the Doppler frequency can be expressed as
where
Cartesian components of the velocity vectors of TX and RX, respectively. The alignment of the PSCS and the Cartesian coordinate system is shown in Fig. 1 . Due to the implicit time-variance of the velocity vectors, the Doppler frequency becomes time-variant, which is noted by the variable t. In the following, we show how delay-dependent Doppler pdfs and the corresponding characteristic functions are computed for A2A channels in the PSCS.
A. Time-Variant, Delay-Dependent Doppler PDF
In an A2A scenario, the scattering of the transmitted signal takes only place on the ground. Thus, we expect the scattering to take place when the propagation delay exceeds a certain value. Geometrically, this corresponds to the delay ellipsoid intersecting the ground plane, see also Fig. 1 . Naturally, this intersection results in an ellipse -the scattering ellipse. A plane ground obviously is an approximation of the curved earth for relatively small distances and low altitudes. This assumption is, however, fulfilled for low altitudes or take-off and landing scenarios, since the power of the scattering from the ground is low and thus only received at low altitudes. At cruising altitude the received scattering is negligible.
In the following, we study the delay-dependent conditional Doppler pdf p(t; f d |ξ) in the PSCS that is induced by the scatterers lying on the scattering ellipse. The derivation is obtained by a coordinate transformation of the scatterer distribution p(η|ξ) as has been shown in [32] . In this paper, however, we extend the 2D V2V case from [32] to a 3D A2A configuration. To this end, we will summarize the key steps in computing p(t; f d |ξ) for this set-up.
For this reason, we assume that the scatterers are uniformly distributed on the scattering ellipse. As such, the distribution of the scatterers will be inversely proportional to the length of the scattering ellipse. To compute the length of the ellipse in the PSCS, we recall that a general differential length segment for the 3D case can be computed as follows
Now we distinguish two cases of aircraft arrangement. In Case 1 we consider a situation, in which two aircraft are flying directly above each other so that the z-direction is normal to the ground plane. In Case 2 we consider all other remaining configurations.
Case 1: Since the aircraft are vertically above each other, the scattering ellipse becomes a circle for 2lξ > a t + a r . The latter condition implies that the delay ellipsoid is large enough to intersect the ground plane. For this case there exists a fixed relationship between coordinates ξ and η given by
Now, we insert (9) into (7) to eliminate the dependency on η in the Doppler frequency. Therefore, the Doppler frequency only depends on ϑ, since ξ is fixed. The differential length in (8) can be computed as
since dξ = dη = 0. Thus, p(t; f d |ξ) is a transformation of the angular distribution p(ϑ|ξ). The latter can be computed for Case 1 as
This result shows that the distribution of the scatterers on the circle is uniform. Moreover, such a distribution automatically induces a Doppler spectrum that coincides with the wellknown Jakes spectrum [37] , which can be created by equivalent scatterers on a circle. For the time-variant, delay-dependent Doppler frequency pdf, we then get the following expression Here, the intersection of the delay ellipse with the ground plane is no longer a circle, but rather an ellipse. In this case, the relationship between η and ϑ can be established through an analysis of the following set of equations
where m is the slope of the ground plane with respect to the major axis of the ellipsoid and d the intercept of the y-axis with the ground plane as shown in Fig. 1 . The slope m is calculated as
and the intercept d of the ground plane with the y-axis is computed from the relationship
In the A2A case the parameter η in general does not attain the whole range η ∈ [−1, 1]. It is only attainable, when the scattering ellipse intersects the z-axis, i.e., both aircraft are on the ground. To find the attainable range of η values in a particular aircraft configuration, we solve (13) for η with sin(ϑ) = ±1 in order to calculate the maximum η max and minimum η min values of η as
The fixed relation between η and the angle ϑ for the resulting scattering ellipse on the ground can then be established again from (13) , which gives the following relationship
Finally, we insert (17) into (7) to eliminate ϑ. By doing this, we eliminate the dependency on the trigonometric functions in (7) and define
to simplify the further notation. Let us point out that the principal value of the arcsin function is defined for values [−π/2, π/2]. It follows then that in (17) we have to distinguish the left and right half-space S 1 = {ϑ : ϑ ∈ [−π/2, π/2)} and S 2 = {ϑ : ϑ ∈ [π/2, 3π/2)} to cover the complete range of 2π. In one half-space, the x-component of the velocity vectors have a positive sign and in the other half-space a negative sign. After combining these half-spaces together and inserting (17) in (7) we obtain the expression for the Doppler frequency in Case 2 without any trigonometric functions as follows f d± (t; ξ, η)
The Doppler frequency is split up in two parts for the two half-planes: f d+ , where all terms in (19) have positive leading signs, and f d− , where the leading sign in front of v tx and v rx is negative. Let us consider a differential line element on the ellipsoidal surface, i.e., when ξ is fixed. In this case (8) can be formulated as
where dξ = 0 on the ellipsoidal surface. We restrict the ellipsoid surface to a scattering ellipse on the ground. This restriction invokes the fixed relation between coordinates η and ϑ in (17) , which eventually allows us to express the differential length segment as a function of the coordinate η only. Consider the parameter η ∈ [η min , η max ] of the half-ellipse that specifies a scatterer lying on it. For a fixed ξ, it can be shown that the conditional pdf p(η|ξ) can be computed in each half-space S 1 and S 2 by applying standard rules of probability density transformations [38] by
where dϑ dη is calculated using (17) . The pdf p(η|ξ) could be simplified, since the probability in both half-spaces is naturally the same. Yet, we purposely keep the expression in this form, since the Doppler frequency can be different in both halfspaces.
Following [32] , we compute a time-variant, delaydependent Doppler pdf as
with the Doppler frequency f d± (t; ξ, η) computed according to (19) . The sum in (22) accounts for the fact that a single Doppler frequency value can correspond possibly to several values of η. However, the maximum number of possible values for η leading to the same Doppler frequency is four, which we prove later here using the theory of algebraic curves.
In [33] we have shown the proportionality between the Doppler power spectrum and the Doppler pdf for the US case. Using the properties of the Fourier transform, this proportionality translates into the proportionality between the correlation function and the corresponding characteristic function. The latter becomes a time-variant and delay-dependent function that has the same interpretation as the correlation function yet in a non-stationary setting.
B. Time-Variant, Delay-Dependent Characteristic Function
The characteristic function is defined as the inverse Fourier transform of the probability density function, see, e.g., [38] and [39] . It thus gives an alternative description of a random variable and can be used to facilitate the computation of the moments of a random variable, or compute a distribution of a sum of independent random variables.
In order to calculate the characteristic function, we compute the inverse Fourier transform of the pdf p i (η|ξ) with i = 1, 2 instead of using the Doppler pdf p(t; f d |ξ) for both half-spaces S 1 and S 2 . We show the calculations only for Case 2; for Case 1 the computation can be performed in a similar way with the distinction that instead of using p 1 (η|ξ) and p 2 (η|ξ), the scatterer distribution p(ϑ|ξ) is used. A similar approach of calculating the characteristic function is presented in [39, Appendix A] . Thus the characteristic function is calculated as
where f d+ is the Doppler frequency in the half-space S 1 and f d− the Doppler frequency in the half-space S 2 according to (19) . The variable u := Δt -an independent variable of the characteristic function -is equivalent to a time lag in the classical correlation function.
The characteristic function -an equivalent representation of the channel correlation function -permits deriving other important statistical parameters that summarize the instantaneous dynamics of the channel. Thus, we can determine the time-variant, delay-dependent, first and second central moments of the channel Doppler spread, which are known as the mean Doppler μ(t; ξ) and the corresponding standard deviation σ(t; ξ). This is done by calculating the first and second derivative of the characteristic function at u = 0.
The first and second derivative with respect to the coordinate u of the characteristic function Φ(t; u|ξ) are calculated to determine the mean and Doppler spread like in [39] as
The first derivative ∂ ∂u Φ(t; u|ξ) can be computed with the following expression
and the second derivative 
with two solutions for ϑ ∈ [0, 2π). Now, we look at the more interesting Case 2. To this end, we use the theory of algebraic curves [40] and consider the curve C(η, f d ) in coordinates η and f d . The curve is obtained by isolating the roots in (19) and squaring the resulting equation. This leads to an algebraic curve of degree six with the highest monomial f 2 d η 4 shown in (32) at the bottom of the next page. The highest exponent of the variable η is four, which means the resulting curve can have a maximum of four solutions for a fixed Doppler frequency f d according to Bézout's theorem [41] . The curve C(η, f d ) is given by the following expression in (32) .
To be able to determine the extrema of the Doppler frequency let us consider the gradient [∂C/∂η, ∂C/∂f d ]
T of the algebraic curve. The extrema of the Doppler frequency are obtained as points on the curve that satisfy ∂C/∂η = 0 and ∂C/∂f d = 0, i.e., these are the points, where the gradient is normal to the η-axis. Clearly, we see from (22) that these extrema will induce poles in the resulting Doppler spectrum. After some involved but straightforward algebra, these poles can be computed as roots of the polynomial g(η)
Let us point out that coefficients a i , i = 0, . . . , 6, are represented by rather lengthy expressions, which, nonetheless, can be computed in closed form. 1 Using (29) it becomes possible to bound the total number of poles in the Doppler spectrum. Despite the polynomial in (29) having a rather involved form of the coefficients, it structurally coincides with the polynomial obtained in the V2V case in [34] , i.e., it has the same order.
By solving (29), we are able to calculate the delaydependent minimum and maximum Doppler frequency for any position and velocity vector configuration of the A2A channel. A general formula for solving solvable sextic equations is provided in [42] .
In addition to the roots of (29) that indicate locations on the curve with the gradient normal to the η-axis, C(η, f d ) in (32) possesses singular points at locations where [∂C/∂η, ∂C/∂f d ] = 0. For the considered case the location of the singular point can be computed in closed form as follows
One might inquire, if the singular point can also contribute to the extrema of the Doppler frequency. Unfortunately, a formal answer to this question is elusive at the moment. Yet, our experimental evidence allows us to state certain conjectures about the behavior of the singular point and the zeros of (29) . First, a closer look at (30) reveals that this singular point is only observable, if v tx + v rx < v tx − v rx , since |η| ≤ 1 and ξ > 1 for scattering by definition. This means that the velocity vectors in the x-direction have to be anti-parallel. Moreover, η s is likely to be present for small ξ under realistic velocity assumptions. We also observed in [34] that the maximum number of poles is likewise typically observed for small delays. For ξ → 1 the poles of (29) This means that the total number of poles in the Doppler spectrum remains at 6 according to our theorem in [34] , although the number of solutions for ∂C/∂η = 0 increase to 7 to account for the singular point. As such, Theorem 1 in [34] likewise applies here and holds in general for A2A channels. Thus, the Doppler spectrum for general A2A channels is also characterized by at most 6 poles. In contrast to the V2V channel, though, the domain of η in the A2A case is restricted to the interval [η min , η max ] given in (16) . Now, we return to the singular point η s and study it in more detail. In general, the singular point can be classified as a so called crunode, acnode or cusp on the curve. See [40] for more information. The type of singular point is determined from the properties of the Hessian matrix evaluated at the singular point on the curve [40] . In particular, for
we obtain a crunode, an acnode, or a cusp, respectively. Let us discuss the nature of a singular point in the context of channel modeling by providing some underlying physical interpretation. In general, the singular point is obtained when the curve C crosses itself in a plane vertical to the y-z-plane, i.e., in the ground plane here. Depending on the spatial relationship between the aircraft and the ground plane, we get the following properties:
• A crunode is obtained when the crossing point lies within the intersection plane, i.e, for η min < η < η max , Fig. 3 . Sextic curve C(η, f d ) for Scenario 4. The singular points are acnodes, cusps, and crunodes, which are marked as circles, diamonds, and crosses, respectively.
• A cusp is obtained when the crossing point is at the border of the intersection plane, i.e, for η ∈ {η min , η max }, and finally, • An acnode is obtained when the crossing point is found outside the intersection plane, i.e., for −1 ≤ η < η min or η max < η ≤ 1.
Expression (30) naturally holds for V2V channels as well. However, in 2D V2V channels, like those considered in [33] , acnodes do not occur, since −1 ≤ η ≤ 1, i.e., the crossing point always lies within the intersection plane. The different types of singular points are visualized in Fig. 3 for different delays ξ. To generate these curves we used Scenario 4 that will be discussed later in Section IV. In Table I , we summarize the types of singular points for the delay range 1 < ξ ≤ 9.
As we can see, for 1 < ξ < 1.422 an acnode is obtained. For ξ ≥ 1.247 the Doppler curve C begins to intersect the ground plane. The blue curve in Fig. 3 shows the result for ξ = 1.3. As we can see, the curve is closed, possesses two extreme Doppler frequencies, and has one acnode. As the delay reaches ξ = 1.422, a cusp is obtained. Still, for ξ = 1.422 we obtain two extreme Doppler frequencies.
As the delay increases, the singular point then becomes a crunode for 1.422 < ξ < 7.987. This implies that the curve C crosses itself once in the ground plane. We can see this in Fig. 3 for ξ = 1.707. Here, four extreme Doppler frequencies are obtained. For ξ = 2.943, however, the curve still has the crunode, yet the number of Doppler extrema reduces to only two. For ξ = 7.987 the crunode becomes a cusp again and then it changes to an acnode for 7.987 < ξ <= 9. An example for the acnode at ξ = 8.5 is shown in Fig. 3 . Let us mention that singular points are observable due to the fact that the Doppler frequency representation in (7) is squared in (29) . In our previous work [34] , the analysis of the Doppler frequency has been done by distinguishing solutions in the different ϑ-half-planes S 1 and S 2 . Since these cases were considered separately, the singular points were thus not observed. The approach used here, however, reveals these singular points and in this respect generalizes the result in [34] .
Finally, we display the values of the real roots of the polynomial and the singular point (green line) in Fig 4. Interestingly, the real roots start in pairs of two for small, but different delays. As the delay reaches ξ = 1.247, the ellipsoid intersects the ground plane for the first time. At this delay, the roots marked by the blue and red line appear. The second pair of real roots, marked by the orange and purple lines, appears as the delay reaches ξ = 1.4. The roots represented by the red and orange curves become a double root at the delay ξ = 2.94; yet as the delay increases further they become a complex conjugated pair of roots and they disappear from the spectrum. Thus, only one root pair remains, which then leads to the minimum and maximum Doppler frequencies.
The classification of the singular point can also be derived from Fig 4. In particular, the intersections of the green line, i.e., the locations of the singular point η s , with the locations of the roots η 3 (orange line) and η 4 (purple line) are of interest. Although the exact numerical analysis of the intersections is quite challenging, the empirical analysis of the results allows us to state the following: In case of a cusp, the intersection of the singular point with the root implies that the resulting point is not necessarily an extreme point with ∂f d /∂η = 0; rather it defines the boundary value of the Doppler frequency given by the η min (or η max ) curve. This can be seen for ξ = 1.422 and ξ = 8.5, where η 4 = η s = η min .
In case of a crunode the intersection leads to an extreme point in one of the branches of the curve C, where η 3 = η s . This can be well seen at ξ = 1.510 and ξ = 2.524, where the green curve intersects the orange curve in Fig 4. The singular point given by (30) is valid for all intersection planes that are orthogonal to the y-z-plane; this naturally includes any ground plane. Moreover, in this case only the velocities in the x-direction determine the location of the singular point. A similar argument can be used for vertical intersection planes, such as building walls in street canyons, since these are the intersection planes orthogonal to the x-z-plane. Thus, only velocities in the y-direction are responsible for the emergence of the singular points. An example of this case is, however, left outside the scope of this work as it is less relevant for aircraft.
Finally, we consider the following degenerate case: The velocity vector components are v tx = v rx = v ty = v ry = 0 and the aircraft are at the same altitude, i.e., a t = a r . In general for degenerate cases, roots of the polynomial g(η) in (29) become singular points. In this particular degenerate case, the extrema become cusps with values η min or η max , since the algebraic curve degenerates into a line. The solutions are thus boundary values of the Doppler frequency, which are the minimum and maximum values of the Doppler pdf.
As in [33] , we investigate closed-form solutions for the Doppler pdf and its corresponding characteristic function for the three different channel components mentioned by Bello in [18] : the LOS component, the SR component, and the diffuse scattering components.
A. LOS Delay (ξ = 1)
The results for the LOS case concur with those obtained for the V2V channel in [33] . The Doppler pdf is naturally given by a Dirac distribution with the support at f los corresponding to the Doppler frequency caused by the LOS. As a result, the Doppler spread is zero and the characteristic function Φ(t; u|ξ) is simply a complex exponential with the frequency given by f los . The stochastic channel functions are calculated as Φ(t; u|ξ) = exp (j2πuf los ),
The results depend, however, on the intersection of the ground plane with the ellipsoid. 
IV. RESULTS
To compute synthetic A2A channels based on the developed theory, we numerically evaluate the presented equations. In order to generate the A2A channels, we use the intended future communication frequency for L-band Digital Aeronautical Communications System (LDACS) at f c = 1 GHz [43] . Thus, the carrier frequency is in the aeronautical radio navigation service (ARNS) band that is currently used in civil aviation. The presented model does not take the effects of polarization into account. Usually, vertically polarized antennas are used in the aeronautical field. Our own measurements in [27] and [28] were likewise performed using vertically polarized antennas. We selected three typical aeronautical scenarios plus one artificial, which allows us to demonstrate a varying number of poles in the spectrum, which can be explained with the theory of algebraic curves. These scenarios are shown in Fig. 5 and the details of each scenario are summarized in the list below:
• Scenario 1 ( = −3. This is the only scenario, which covers Case 1.
• Scenario 3 ( In this paper, nm is referring to the unit nautical mile. Although we provided the scenarios with specific values of distance and altitude, the results are the same for all scenarios with the same slope m and the same ratio of axis intercept to focus distance d/l. Thus, the results are general and apply also for larger aircraft distances, if they fly at higher altitudes. The presented scenarios are all snapshots in time. If the reader is interested in how the model behaves when time elapses, we recommend to have a look at [44] . There, the aircraft fly on different altitudes past each other. Subsequently, we consider the listed scenarios in more details.
Scenario 1: In this case, the delay-dependent Doppler pdf shows a round shape for fixed t = t * and small ξ. As explained above, the delay-dependent Doppler pdfs for fixed ξ = ξ * in Fig. 8 grows wider for larger delays. The specular reflection frequency is calculated as f sr (t * ) = 0 Hz. Furthermore the typical W-shape of the Doppler spectrum for A2A channels becomes apparent. The widening of the delay-dependent Doppler pdf leads to a narrowing characteristic function in Fig. 9 , which means the channel is more time-variant for larger delays. The symmetry of the delaydependent Doppler pdf is due to the fact that both aircraft fly along the major axis of the ellipsoid with the same speed. The delay-dependent limits of the Doppler pdf are calculated by solving the 6 th order polynomial in (29) . There are only two extreme values, since in Scenario 1 the degenerate case occurs as described in Section III. This means the extrema are boundary values of the algebraic curve and thus cusps. The algebraic curve degenerates into a line as can be seen in Fig. 7 . The polynomial, however, still determines the location of the boundary values correctly, even though the partial derivative ∂f d /∂η = 0. Without the theory of algebraic curves, it cannot be explained, why the root of the polynomial correctly determines the boundary values. The locations of the boundary frequencies are shown in Fig. 6 as dashed line. For large ξ the spectral boundaries tend towards f 7, 8 (t * ) = ±1667 Hz in Fig. 6 and the characteristic function becomes a Bessel function in Fig. 9 .
Scenario 2: The delay-dependent Doppler pdf in Fig. 10 shows an even rounder shape due to the circular intersection of the vertical ellipsoid with the ground. This is explained by the circular symmetry, since the vertical ellipsoid cuts the ground plane as a circle. The specular reflection frequency is calculated as f sr (t * ) = 0 Hz, since there is no vertical velocity component. The delay-dependent Doppler pdfs for fixed ξ = ξ * in Fig. 11 grows wider for increasing delays ξ. The delay-dependent limits of the Doppler spectrum are calculated by (29) and shown as dashed lines in Fig. 10 . All the Doppler spectra look like Jakes spectra, which is clearly due to the circular symmetry of the angular distribution in (11) . The widening of the Doppler pdf leads to a narrowing Bessel function in Fig. 12 , which means higher time-variance. For ξ = 5 the spectral limits tend already towards f 7, 8 (t * ) = ±1179 Hz as can be seen in Fig. 11 .
Scenario 3: The delay-dependent Doppler pdf in Fig. 13 shows a round asymmetric shape due to the different altitudes of the aircraft. As in the previous scenarios, the Doppler pdfs for fixed ξ = ξ * in Fig. 14 grows wider for increasing delays ξ. The specular reflection frequency is calculated as f sr (t * ) = 6 Hz. The first two Doppler pdfs, i.e., for ξ = 1.0317 and ξ = 1.1217, show an asymmetric W-shape for this scenario. The last Doppler pdf for ξ = 3.0217 exhibits the typical Jakes shape. The location of the poles are displayed as dashed 
Scenario 4:
This particular scenario was specially selected to explain the application of the theory of algebraic curves with the three different types of singular points. The delaydependent Doppler pdf shown in Fig. 16 shows a round shape close to the specular reflection. Due to the different altitudes and velocity vectors of TX and RX the shape is asymmetric. The specular reflection frequency is calculated as f sr (t * ) = −34 Hz. The Doppler pdf for fixed ξ = ξ * in Fig. 17 grows wider and consists of one (ξ = 1.2474), two (ξ = 1.3474, ξ = 3.2474) or three parts (ξ = 1.7474).
The different parts of the spectrum all exhibit the classical Jakes shape. This knowledge could be used, when estimating the spectrum. The widening of the Doppler pdf leads to a narrowing characteristic function in Fig. 18 . For large ξ the spectral limits tend towards f 7, 8 (t * ) = ±139 Hz. The delaydependent width of the Doppler spectrum is calculated by solving the 6 th order polynomial in (29) . The poles in the delay-dependent Doppler spectrum are shown as dashed lines in Fig. 16 and possess a whale-like shape. In this special scenario, the number of real roots increases from two to four between the delays ξ = 1.422 and ξ = 2.943. For larger delays, the number decreases again to two. The number of poles depends on the number of extrema of the algebraic Doppler curve, which is shown in Fig. 3 in Section III. Between the delays ξ = 1.422 and ξ = 2.943, the curve possesses four extrema and crosses itself once. For delays 2.943 < ξ < 7.987, the curve only has two extrema, but still crosses itself once.
V. CONCLUSION
In this paper, we have derived a three-dimensional, singlebounce scattering model for air-to-air channels. Similar to vehicle-to-vehicle channels, the derived model is likewise time-variant and provides a description of non-stationary air-to-air channels. Time-variant limiting frequencies of the delay-dependent Doppler probability function were derived by an algebraic analysis of the Doppler frequency in prolate spheroidal coordinates. These frequencies were shown to be the solutions of a sixth degree polynomial, which concurs with the vehicle-to-vehicle channel. The algebraic curve analysis reveals the presence of singular points, which might become extreme points, i.e., boundary values of the curve. Thus, the time-variant boundaries of the Doppler pdf can be seamlessly calculated for arbitrary delays and aircraft configurations.
The obtained results readily generalize those obtained for 2D vehicle-to-vehicle scenarios. They can be used to account for arbitrary combinations of both rotary as well as fixed-wing aircraft and ground-based vehicles in similar environments.
